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Abstract
Associated with the character degrees of a finite group is the common-divisor graph, where the
nontrivial degrees are the vertices and distinct degrees are adjacent when they have a common non-
trivial divisor. The author has shown that common-divisor graphs for solvable groups have diameters
of at most 3. The present paper extends this result to nonsolvable groups by showing that their
common-divisor graphs also have diameters bounded above by 3.
 2004 Elsevier Inc. All rights reserved.
1. Introduction
In the following, all groups are assumed to be finite. Throughout this paper, we write
cd(G) = {χ(1) | χ ∈ Irr(G)} to denote the set of complex irreducible character degrees
associated with a group G. A large body of research connects the arithmetic structure of
cd(G) with the group theoretic structure of G. The basic terminology, notations, and results
can be found in [5,7,15].
Our focus in this paper is on the common-divisor graph Γ (G) associated with G. The
vertices of the graph Γ (G) are the nontrivial degrees in cd(G), and distinct vertices a, b are
said to be adjacent when (a, b) > 1. The prime graph ∆(G) is a graph where the vertices
are ρ(G), the set of prime divisors of all degrees of G, and where distinct vertices p and
q are adjacent if pq divides some degree of G. Obviously, the common-divisor graph and
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J.K. McVey / Journal of Algebra 282 (2004) 260–277 261the prime graph contain a large amount of the same information about cd(G), so which of
them one chooses to study is largely a matter of personal taste.
Essentially, the common-divisor graph was first studied by Manz, Staszewski, and
Willems in [13]. Here was shown that these graphs have at most three connected com-
ponents, and indeed there are at most two connected components if the group is solvable.
These results have also been published in [15].
The diameters of these graphs have been studied as well. The distance between two
(connected) vertices in a graph Γ is the number of edges in a minimal path connecting
the two vertices, and the diameter of Γ is the maximum of the distances between pairs of
connected vertices. Thus, it is the maximum of the diameters among the connected compo-
nents of Γ . We denote this number by diam[Γ ]. It was known early in the study of degree
graphs that the diameter of the prime graph∆(G) is at most 3 when the group G is solvable
(see [14]). It was conjectured that the appropriate upper bound on diam[∆(G)] was indeed
2 until Lewis showed the existence of a solvable group G where diam[∆(G)] = 3 in [10].
If the original conjecture had been true, then diam[∆(G)] 2 for all solvable groups
G would imply that the common-divisor graph of G would have a diameter of at most 3,
since the respective graphs’ diameters can differ by at most 1. Examples abound where
G is solvable and diam[Γ (G)] = 3, so the conjecture having been proven false left open
the question as to whether some solvable group G could have a common-divisor graph
Γ (G) with a diameter of 4. In [16], the author showed that indeed no solvable group has a
common-divisor graph with a diameter of 4.
The purpose here is to follow-up that work in the nonsolvable case, and we present the
following result.
Theorem A. If G is a nonsolvable group, then diam[Γ (G)] 3.
It is worth noting that there are families of nonsolvable groups where the bound of 3 is
attained. We present here one such family. It is well known that given any integer n > 1,
there are groups whose character degree sets are {1, n}. One way to construct such groups
is to find a prime p of the form p = kn + 1 (and Dirichlet’s theorem guarantees infinitely
many such primes), and construct the semidirect product of a cyclic group of order p acted
on by an automorphism of order n.
For a 2-power q  4 and an integer n > 1 where (n, q3 − q) = 1, take G to be the
direct product of PSL2(q) with a group whose character degree set is {1, n}. Then, G is
nonsolvable and cd(G) = {1, n, q,nq, q − 1, n(q − 1), q + 1, n(q + 1)}. The graph Γ (G)
is shown in Fig. 1 and the diameter of this graph is obviously three.
The main theorem in our previous paper [16] states that when G is a solvable group,
diam[Γ (G)] 3. We combine these two results, and obtain the following theorem.
Theorem B. For every finite group G, the diameter of Γ (G) is at most 3.
In their paper [11], M. Lewis and D. White explore connections between the graph
∆(G) and the group G. Under the hypothesis that G is nonsolvable, this paper classi-
fies the groups for which ∆(G) is disconnected. In their follow-up paper [12], Lewis and
White show that the diameter of this graph is at most 4 when G is nonsolvable. The ideas
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presented in that paper were of great help, and the present exposition can be viewed as a
natural extension of [12].
2. Preliminaries
First, we need some notation. For vertices x, y of some graph, we write x ↔ y to mean
that either x = y or x is adjacent to y . We denote the distance between vertices x and y in
a graph Γ by dΓ (x, y). This number is infinite if x and y are disconnected.
Given N G and θ ∈ Irr(N), the standard notation Irr(G|θ) represents the irreducible
characters of G which are constituents of θG. In this situation, we say χ lies over θ . Anal-
ogously, we write cd(G|θ) = {χ(1) | χ ∈ Irr(G|θ)}. If T is the stabilizer of θ in G, then
there exists a unique ϕ ∈ Irr(T |θ) so that χ = ϕG by the Clifford correspondence [7, The-
orem 6.11]. In particular, χ(1) = |G : T |ϕ(1).
The notation π(n) denotes the set of prime divisors of a natural number n. When G
is a group, we let π(G) = π(|G|). A consequence of a theorem by Itô–Michler (see [15,
Remarks 13.13]) is the following.
Lemma 2.1. When G is a nonabelian simple group, π(G) = ρ(G).
The next argument is encountered regularly when dealing with connections between de-
grees of a group and degrees of a normal subgroup. If χ ∈ Irr(G) lies over θ ∈ Irr(N) where
N G, then θ(1) divides χ(1) through [7, Theorem 6.28], and χ(1)/θ(1) divides |G : N |
by [7, Lemma 11.29]. If χ(1) and |G : N | are coprime, this implies χ restricts irreducibly
to N . Whenever a character χ ∈ Irr(G) restricts irreducibly to θ ∈ Irr(N), Gallagher’s theo-
rem states that Irr(G|θ) = {βχ | β ∈ Irr(G/N)}. A consequence of this applied to character
degrees is what we herein refer to as a “restriction argument.”
Lemma 2.2 (Restriction argument). Let N G be groups and fix χ ∈ Irr(G) with degree x .
If χ restricts irreducibly to θ ∈ Irr(N), and this occurs if χ and |G : N | are comprime, then
cd(G|θ) = {xy | y ∈ cd(G/N)}.
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degrees in a natural way. A degree x of G lies over n relative to N if we can find characters
χ ∈ Irr(G) of degree x and θ ∈ Irr(N) of degree n so that χ lies over θ . In this situation,
the degree n necessarily divides x via [7, Theorem 6.28].
Picking a maximal normal subgroup N of G, we want ways to connect the degrees of
G/N with those of G in the case where G/N is nonabelian. Accordingly, it behooves us
to have some control over what possibilities exist for the simple group G/N . This is the
purpose of Lemma 2.3. It is essentially a corollary of a result due to Manz, Willems, and
Wolf, and a pair of results by Lewis and White. It obviously relies on the classification of
simple groups, as well as work various people have done on computing the character tables
for the simple groups.
Lemma 2.3. For any nonabelian simple group G, exactly one of the following occurs:
(A) ∆(G) is disconnected and G ∼= PSL2(q) for some prime-power q  4,
(B) diam[∆(G)] = 3 and G ∼= J1, the first Janko group, or
(C) ∆(G) is connected and diam[∆(G)] 2.
Proof. Theorem 2.1 in [11] states the graph ∆(G) is disconnected if and only if
G ∼= PSL2(q) for some prime power q  4. We thus assume ∆(G) is connected, in
which case diam[∆(G)] 3 by the main result from [14]. Lemma 2.1 in [12] yields
diam[∆(G)] = 3 if and only if G ∼= J1. 
We also would like to connect the degrees of N with those of G, which is the purpose
of Lemma 2.4. Although not a new result (it appeared as [16, Lemma 3.7]), the length of
the proof justifies its appearance.
Lemma 2.4. Let n1, n2 ∈ cd(N) be distinct and nontrivial. If x1, x2 ∈ cd(G) are chosen so
that ni divides xi , then dΓ (G)(x1, x2) dΓ (N)(n1, n2).
Proof. This is of course trivial if n1 and n2 are disconnected. Otherwise, fix a shortest
path n1 ↔ m1 ↔ · · · ↔ mk ↔ n2 in Γ (N). Then for each i , let yi ∈ cd(G) lie over mi
relative to N . Accordingly, x1 ↔ y1 ↔ · · · ↔ yk ↔ x2 in Γ (G), although this may not be
a shortest path. 
We also need to establish connections between the prime graph∆(G) and the common-
divisor graph Γ (G). These rather easy results can be found in [16, Corollary 5.2].
Lemma 2.5. For groups G, the graphs Γ (G) and ∆(G) have the same number of con-
nected components, and their diameters differ by at most one.
Lastly in this section, we present a result which shows that in certain cases where G/N
is nonabelian, we can assume all nonlinear irreducible characters of G restrict reducibly
to N . In particular, every nontrivial degree of G has a common nontrivial divisor with the
index of N in G.
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exists a nonlinear irreducible character of G which restricts irreducibly to N , then Γ (G)
is connected and diam[Γ (G)] 3.
Proof. For nontrivial degrees x1, x2 ∈ cd(G), we will show dΓ (G)(x1, x2) 3. Initially
assume there is some irreducible character of G with degree x1 which restricts irreducibly
to N . If (x2, |G : N |) = 1, then fix 1 < y ∈ cd(G/N). Hence, x1y, x2y ∈ cd(G) through
two restriction arguments, and x1 ↔ x1y ↔ x2y ↔ x2 in Γ (G). Otherwise, there is some
prime p which divides (x2, |G : N |). Consequently, p ∈ π(G/N) = ρ(G/N), and some
y ∈ cd(G/N) is divisible by p. Noting once more x1y ∈ cd(G), we have x1 ↔ x1y ↔ x2
in Γ (G).
We can therefore assume irreducible characters with degree x1, and symmetrically de-
gree x2, restrict reducibly to N , in which case (x1, |G : N |) > 1 and (x2, |G : N |) > 1.
Suppose x > 1 is the degree of an irreducible character of G which restricts irreducibly
to N . As before, there are degrees y1, y2 in cd(G/N) so that (xi, yi) > 1. Restriction argu-
ment s imply y1x, y2x ∈ cd(G), and the adjacencies x1 ↔ y1x ↔ y2x ↔ x2 follow. 
3. Projective special linear groups
Most of our needed technical results revolve around when a group has a nonsolvable
projective special linear group as a chief factor. The purpose of this section is to provide
the necessary results on how the degrees of such a section are connected to the degrees of
the whole group. We start with when PSL2(q) is a quotient of our group G.
The next several results are technical lemmas dealing with the structure of degrees of G
lying over an irreducible character θ of N G if G/N is one of these projective special
linear groups. Lemma 3.1 deals with when the character θ is G-invariant, and Lemmas 3.2
through 3.7 with when θ is not. These lemmas are motivated by [12, Proposition 3.6].
For results and definitions pertaining to projective degrees, particularly Schur multipliers,
factor sets, character triples, and character triple isomorphisms, we refer the interested
reader to [7, Chapter 11].
Lemma 3.1. Let N  G be groups with G/N ∼= PSL2(q) for some prime-power q  5.
Suppose the character θ ∈ Irr(N) is G-invariant but does not extend to G. Then, q is odd.
Letting m = θ(1), one of the following holds:
(A) cd(G|θ) = {m(q − 1),m(q + 1),m(q − ε)/2} where ε = (−1)(q−1)/2.
(B) q = 9 and 6m,15m∈ cd(G|θ).
Proof. Whenever q  8 is even, the Schur multiplier of PSL2(q) ∼= SL2(q) is trivial
by a result of Steinberg (see [9, Theorem 9.1]), and so every irreducible character of
N extends to G. As θ does not extend to G, we conclude that q is odd. Consider
the factor set of G/N associated with θ , noting this set does not have order 1. If the
factor set has order 2, then (G,N, θ) is character triple isomorphic to (SL2(q),Z,λ)
where Z is the center of SL2(q) and λ ∈ Irr(Z) has order 2. Consulting [4], we have
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lows.
When the order of this factor set is not 2, [9, Theorem 9.1] again applies to assert that
q = 9 and the order is either 3 or 6. In this case, we consult the Atlas [3] to find 6 and
15 are projective degrees for θ using similar character triple arguments as presented in the
previous paragraph, and conclusion (B) holds here. 
Note that PSL2(4) ∼= PSL2(5) was implicitly considered in the above lemma. However,
the statement about the character degrees is only true when the prime-power q is considered
to be 5. Similar problems arise with whether q should be viewed as 4 or as 5 when θ is not
G-invariant.
When θ ∈ Irr(N) is not G-invariant, we want to calculate the index in G of the stabilizer
of θ . Accordingly, we need to consider what the subgroups of PSL2(q) are. A list of all
possible subgroups of PSL2(q) can be found in [6, Theorem II.8.27].
The following are hypotheses we use in each of Lemmas 3.2 through 3.7, so we state
them here for convenience. The group G has a normal subgroup N so that G/N ∼= PSL2(q)
for some prime-power q  4. The subgroup T <G is the stabilizer of θ ∈ Irr(N), the index
|G : T | = t , r is the unique prime divisor of q , and m = θ(1). We refer to these as Hypothe-
ses (†). In this situation, the Clifford theory says that cd(G|θ) = {tx | x ∈ cd(T |θ)}, and in
the following proofs we focus our attention on the set cd(T |θ). For ease in reference later,
we list the conclusions of Lemmas 3.2 through 3.7 here, as well.
Noninvariant conclusions.
(A) t is divisible by all primes in two of the three sets {r}, π(q − 1), and π(q + 1).
(B) t is divisible by all primes in ρ(G/N) \ {2,3} and some degree in cd(G|θ) is divisible
by one of 2mt or 3mt .
(C) t is divisible by at least one of q(q − 1)/2 or q(q + 1)/2, the integer q is odd and
not 5, and 2mt ∈ cd(G|θ).
(D) t is divisible by all primes in ρ(G/N) \ {2,3,5}, the integer q > 5, and either
(1) 3mt , 4mt , and 5mt divide degrees in cd(G|θ), or
(2) 6mt divides a degree in cd(G|θ), and all degrees in cd(G|θ) divide 24mt .
(E) π(t) has nontrivial intersection with each of the three sets {r}, π(q −1), and π(q + 1)
where q > 5. Moreover, at least one of the following holds:
(1) There are degrees x1, x2 ∈ cd(G|θ) so that r(q − 1) divides x1 and r(q + 1) di-
vides x2.
(2) T/N is isomorphic to one of PSL2(9) or PGL2(9) and both 6mt and 15mt divide
degrees in cd(G|θ).
Because of the ambiguity left by A5 ∼= PSL2(4) ∼= PSL2(5) as to whether q = 4 or
q = 5, we initially deal with cases where G/N ∼= A5. The maximal subgroups of A5 are
S3, D10 (of order 10), and A4.
Lemma 3.2. Suppose Hypotheses (†), G/N ∼= A5, and T/N embeds into S3, into D10, or
properly into A4. Then conclusion (A) holds.
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most one prime divisor of |G : N | does not divide t . Conclusion (A) holds here, regardless
of whether q is viewed as 4 or as 5. 
Lemma 3.3. Suppose Hypotheses (†) and either T/N ∼= A4 or T/N ∼= S4. Then conclu-
sion (B) holds.
Proof. Every prime in the set ρ(G/N) \ {2,3} necessarily divides t . If θ extends to T ,
then a restriction argument shows 3m ∈ cd(T |θ) as 3 ∈ cd(T /N). If θ does not extend, one
of 2m or 3m divides some degree in cd(T |θ). 
There are two things to note here. The first is that Lemma 3.3 does not assume G/N is
isomorphic to A5. The second is if G/N ∼= A5, then the hypotheses of either Lemma 3.2
or Lemma 3.3 are satisfied, so either conclusion (A) or (B) holds in this situation. For the
remainder of the lemmas leading to Theorem 3.8, we need only consider q  7.
Lemma 3.4. Suppose Hypotheses (†) and q  7. If T/N is an elementary abelian r-group,
a cyclic group, or the semidirect product of a cyclic group acting on an elementary abelian
r-group, then conclusion (A) holds.
Proof. In all of these, two of the three numbers r , q + 1, and q − 1 divide t . 
Lemma 3.5. Suppose Hypotheses (†), q  7, and T/N is dihedral. Then conclusion (A)
holds if q is even, and conclusion (C) holds otherwise.
Proof. If T/N is dihedral, it follows from the list of subgroups that |T : N | divides one
of 2(q ± 1). We even have |T : N | divides q ± 1 when r is odd. Labelling ε ∈ {−1,1}
so that |T : N | divides 2(q + ε), we have in either case that t = |G : T | is divisible by
q(q − ε)/2. For r = 2, q being at least 4 forces all primes in {r} ∪ π(q − ε) to divide t ,
and conclusion (A) holds here.
For r odd, we show conclusion (C) holds. Labelling M/N as the cyclic subgroup of
index 2, we know that θ extends to ϕ ∈ Irr(M). If ϕ (consequently θ ) extends to T , then
2m ∈ cd(T |θ) through a restriction argument. When ϕ does not extend, M must be the
stabilizer of ϕ in T , forcing ϕ to induce irreducibly to T . In either situation, 2m ∈ cd(T |θ),
and conclusion (C) holds. 
Lemma 3.6. Suppose Hypotheses (†), q  7, and T/N ∼= A5 or T/N ∼= S5. Then conclu-
sion (D) holds.
Proof. Obviously, t is divisible by all primes in the set ρ(G/N) \ {2,3,5}. In either
case, label M/N  T/N as the subgroup corresponding to A5. If θ extends to M , then
cd(M|θ) = {m,3m,4m,5m} via a restriction argument, and conclusion (D.1) holds here.
Otherwise, Lemma 3.1 applies (with q = 5), yielding cd(M|θ) = {2m,4m,6m}. Noting
|T : M| is either 1 or 2, 6m divides some degree in cd(T |θ) and every degree of cd(T |θ)
divides 24m. Here, (D.2) follows. 
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7 rk < q = rn. Then conclusion (E) holds.
Proof. In this case m = [rn−k(q − 1)(q + 1)] / [τ (rk − 1)(rk + 1)] where τ = 2 if r is odd
and T/N ∼= PGL2(rk) and τ = 1 otherwise. If θ extends to T , a restriction argument yields
m(rk − 1),m(rk + 1) ∈ cd(T |θ) and (E.1) follows. If θ does not extend, then Lemma 3.1
applies in this situation, yielding either (E.1) or (E.2). 
As PSL2(rn) can have subgroups PSL2(rk) and PGL2(rk) for every k < n, it is worth
noting PSL2(2) ∼= PGL2(2) ∼= S3 is dihedral and covered in Lemma 3.5, PSL2(3) ∼= A4
and PGL2(3) ∼= S4 are addressed in Lemma 3.3, and finally PSL2(4) ∼= PGL2(4) ∼=
PSL2(5)∼= A5 and PGL2(5) ∼= S5 are discussed in Lemma 3.6.
To make the statements of the next two theorems clearer, we introduce a definition.
A set X is said to be connective for cd(G) if X is a subset of cd(G), all degrees in X
are pairwise adjacent in Γ (G), and every nontrivial degree of cd(G) \ X is adjacent in
Γ (G) to some degree of X . If cd(G) has a connective subset X , then obviously Γ (G) has
diameter at most 3. Indeed, cd(G) having a connective subset is stronger than just saying
that diam[Γ (G)] 3. Also, if G is nonabelian and cd(G) has a connective subset X , then
X is necessarily nonempty.
Under the assumption that all nontrivial degrees of G share prime divisors with |G : N |,
if there is some nonempty subset X of cd(G) where all pairs of degrees have nontrivial
common divisors, and where each prime divisor of |G : N | divides some degree in X , then
indeed X is connective. Most connective subsets we find are of this form.
Connective sets are similar to the covering sets studied by Alvis and Barry in [1]. A sub-
set X of cd(G) covers cd(G) if for each prime p ∈ ρ(G), there is a degree x ∈ X which
p divides. To demonstrate a parallel, if cd(G/N) has a cover set with cardinality 1, or
with cardinality 2 and where the 2 degrees are not coprime, this cover set of cd(G/N) is
necessarily connective for cd(G) under our usual hypothesis of all nonlinear irreducible
characters of G restricting reducibly to N .
Again due to the ambiguity of PSL2(4) ∼= PSL2(5), we develop Theorems 3.8 and 3.9
separately. Though the proofs are similar, the differences warrant independent treatment.
Theorem 3.8. Suppose G has a normal subgroup N so that G/N ∼= A5, and Γ (G) is
connected. If all nonlinear irreducible characters of G restrict reducibly to N , then cd(G)
has a connective subset.
Proof. Note cd(G/N) = {1,3,4,5} and (x, |G : N |) > 1 for every nontrivial x ∈ cd(G).
As 5 is not an isolated vertex of Γ (G), there is some x ∈ cd(G) divisible by 5 as well as
some other prime. Fix θ ∈ Irr(N) so that x ∈ cd(G|θ), and label m = θ(1). If θ is invariant
in G, then Lemma 3.1 applies (with q = 5), and cd(G|θ) = {2m,4m,6m}. As 5 divides
x ∈ {2m,4m,6m}, 5 must divide m, in which case {6m} is connective. We thus assume θ
is not G-invariant.
Accordingly, one of noninvariant conclusions (A) or (B) holds via Lemmas 3.2 or 3.3.
When (A) holds, π(q)∪ π(q − 1)∪ π(q + 1)= {2,3,5} regardless of whether q is viewed
as 4 or as 5, so one of 2 or 3 divides x . When (B) holds, replace x by another degree in
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We can thus assume the existence of p ∈ {2,3} so that p does not divide x . Under either
(A) or (B), the prime in {2,3} \ {p} divides x while p does not.
The graph Γ (G) is connected, so both 3 and 4 have neighbors. Hence, there is a degree
y ∈ cd(G) which is divisible by p and at least one other prime. If 5 divides y , then {x, y}
is connective, and we can thus assume 5 does not divide y . Fix an irreducible character ψ
of N so that y ∈ Irr(G|ψ) and let n = ψ(1).
When ψ is invariant in G, the set {x,6n} is connective, as 6n is a degree of G via
Lemma 3.1 (with q = 5). In the noninvariant case, conclusion (B) does not hold for ψ as
y ∈ cd(G|ψ) is not divisible by the prime 5 ∈ ρ(G/N)\{2,3}. Therefore, Lemma 3.3 does
not apply. Applying Lemma 3.2 once more, conclusion (A) says two of the three primes 2,
3, and 5 divide y , but 5 does not divide y . The set {x, y} is thus connective here. 
Theorem 3.9. Suppose G has a normal subgroup N so that G/N ∼= PSL2(q) for some
prime-power q  7 and that Γ (G) is connected. If all nonlinear irreducible characters
of G restrict reducibly to N , then cd(G) has a connective subset.
Proof. Again, (x, |G : N |) > 1 for every nontrivial x ∈ cd(G). Assuming a counterexam-
ple G exists, we establish hypotheses that θ ∈ Irr(N) must satisfy.
Claim 1. If θ ∈ Irr(N) is G-invariant, then conclusion (A) of Lemma 3.1 holds. In partic-
ular, q is odd and all degrees in cd(G|θ) are even.
Proof. When conclusion (B) holds, {6m,15m} is connective. In the other case, all degrees
are even. 
Claim 2. Suppose θ ∈ Irr(N) is not G-invariant. Then θ does not satisfy any of noninvari-
ant conclusions (C), (D.1), or (E).
Proof. If θ satisfies conclusion (C), it is not hard to see the set {2mt,q − 1, q + 1} is
connective for cd(G), using that q is odd in this case. Similarly, conclusions (D.1),
(E.1), and (E.2) have connective sets {degrees divisible by 3mt,4mt , or 5mt}, {x1, x2}, and
{degrees divisible by 6mt or 15mt}, respectively. 
Let r be the unique prime divisor of q . As q is not an isolated vertex of Γ (G) but is
an r-power, there is some x ∈ cd(G) divisible by r as well as some other prime. Label the
character θ ∈ Irr(N) so that x ∈ cd(G|θ) and let m = θ(1). By Claim 1, θ is G-invariant
only when q is odd and conclusion (A) of Lemma 3.1 holds. Via (A), the degree x is in
cd(G|θ) = {m(q − 1),m(q + 1),m(q − ε)/2}. However, x is divisible by the prime r , and
this can only happen when r divides m, in which case {m(q − 1),m(q + 1)} is connective.
This contradiction shows θ is not invariant in G. Consulting [6, Theorem II.8.27], we see
that all possibilities for T/N are somewhere in the hypotheses of Lemmas 3.3 through 3.7
(where T is the stabilizer in G of θ ), so one of the conclusions following Lemma 3.1 ap-
plies. Through Claim 2, the only conclusions we need to eliminate are (A), (B), and (D.2).
J.K. McVey / Journal of Algebra 282 (2004) 260–277 269When either (B) or (D.2) holds, we can replace x by another member of cd(G|θ) if
necessary and assume x is divisible by all but at most one prime in ρ(G/N). If all the
primes in ρ(G/N) divide some degree, then all nontrivial degrees of G are adjacent to that
particular degree, a contradiction. We therefore have some prime p ∈ {2,3,5} such that p
does not divide x . At least one of q ± 1 is not a p-power, and so is adjacent to x in Γ (G).
However, one of these degrees is divisible by p, as p divides |G : N |. If it happens that
both q − 1 and q + 1 are adjacent to x , then x and the one which is divisible by p form
a connective set, again a contradiction. On the other hand, when q + ε (ε = ±1) is not
adjacent to x , the degree q + ε must indeed be a p-power. In this case, if r is odd, then
q ± 1 are both even, so p = 2 here. Hence, q + ε is a 2-power, but 2 divides q − ε, and
{x, q − ε} is connective. This contradiction shows r = 2.
We digress to consider conclusion (A). Choose ε ∈ {−1,1} so that all prime divisors of
r(q − ε) divide the degree x , noting x is necessarily even. As {x, q + ε} is not connective,
q + ε is odd, which means that r = 2.
In all remaining cases, r = 2 and both of the degrees q and q − ε are adjacent to x in
Γ (G) while (x, q + ε) = 1. That q + ε is not an isolated vertex means there is some degree
y ∈ cd(G) which is adjacent to q+ε in Γ (G), and we choose y to have the largest possible
number of prime divisors. Label ψ ∈ Irr(N) so that y ∈ cd(G|ψ), noting (x, y) = 1 as they
form a connective set otherwise. In particular, y is odd.
As y is odd, Claim 1 states that ψ is not G-invariant. Claim 2 thus implies ψ satisfies
one of conclusions (A), (B), or (D.2). However, all degrees in (D.2) are even while y is
odd. In either (A) or (B), we have that y is divisible by all primes in ρ(G/N) \ {2}, using
the maximality of |π(y)|. All primes dividing (q − 1)(q + 1) divide y , and y is thus not
coprime to x , the final contradiction. 
We next consider situations where a copy of PSL2(q) appears as a section of G but not
as a quotient. Specifically, we address when G has a proper normal subgroup N ∼= PSL2(q)
so that G embeds into Aut(N). A description of the automorphism group for PSL2(q)
can be found in [2]. In this situation, we establish some notations and conventions for
convenience. As N ∼= PSL2(q) is simple, N is isomorphic to Inn(N). That G embeds
into Aut(N) with N as a normal subgroup means we can identify G with its copy in
Aut(N), and under this identification N is Inn(N). We therefore consider occasions where
PSL2(q)∼= N <GAut(N).
Automorphisms of the field Fq induce automorphisms on N . These automorphisms
form a cyclic group, and we fix a generator α ∈ Aut(N). When q is even, Aut(N) = N〈α〉.
When q is odd, N also has diagonal automorphisms; i.e., automorphisms induced through
conjugation by diagonal matrices. These automorphisms also form a cyclic group. Letting
δ ∈ Aut(N) be a generator, Aut(N) = N〈α, δ〉, and N〈δ〉 ∼= PGL2(q). Moreover, the auto-
morphisms α and δ commute modulo N . We use the notations χi and θj established in
[4, §38] for the irreducible characters of N ∼= PSL2(q).
Proposition 3.10. Suppose PSL2(2n) ∼= N < G  Aut(N) where n  3. Then N is the
stabilizer in G of the characters χ1, θ1 ∈ Irr(N), which have degrees q + 1 and q − 1,
respectively. In particular, |G : N |(q + 1), |G : N |(q − 1) ∈ cd(G).
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and θ1 are irreducible characters of PSL2(2n) with the stated degrees. Neither is fixed by
any nonidentity power of α, so the fact that Aut(N) = N〈α〉 implies N is the stabilizer in
Aut(N) of both of these characters. The remaining results follow from Clifford theory. 
The condition in Proposition 3.10 that n be at least 3 is necessary as the stabilizer
in Aut(SL2(4)) of the character θ1 ∈ Irr(SL2(4)) is not SL2(4). Proposition 3.11 has the
similar restriction that q be at least 7 because SL2(5) has no character χ2.
Proposition 3.11. Suppose PSL2(q) ∼= N < G  Aut(N) where q  7 is odd, and label
T = G∩ N〈δ〉. Then the subgroup T is the stabilizer in G of the irreducible characters
χ2, θ2 ∈ Irr(N), which have degrees q + 1 and q − 1, respectively, and these charac-
ters extend to T . Also, |T : N | is either 1 or 2. In particular, either |G : N |(q + 1),
|G : N |(q − 1) ∈ cd(G), or |G : N |(q + 1)/2, |G : N |(q − 1)/2 ∈ cd(G) and |G : N | is
even.
Proof. Consulting [4, Theorem 38.1], these characters of SL2(q) have the mentioned de-
grees, and the two central elements of SL2(q) are contained in their respective kernels,
making χ2 and θ2 irreducible characters of PSL2(q). Neither is invariant under any non-
identity power of α, but both are invariant under δ. That α and δ commute modulo N
implies the stabilizer in Aut(N) for χ2 and θ2 is N〈δ〉, and so the stabilizer of both in
G is T . As T/N  N〈δ〉/N , which is obviously cyclic, χ2 and θ2 extend to T . Finally,
N〈δ〉 ∼= PGL2(q) and N corresponds to PSL2(q). Hence, |T : N | divides |N〈δ〉 : N | = 2.
The remainder follows from the Clifford correspondence. 
Theorem 3.12 bounds the diameter of Γ (G) when the group G has normal subgroups
N of prime index where Γ (N) is disconnected.
Theorem 3.12. Let G be a nonsolvable group with G > G′ and Γ (G) connected.
Suppose whenever N  G has prime index, the graph Γ (N) is disconnected. Then
diam[Γ (G)] 3.
Proof. For arbitrary N G of prime index, G/N being solvable implies N is not solvable.
Throughout this proof, we will be encountering situations where N is normal in G of prime
index, and where Γ (N) has at least one isolated vertex. Whenever m ∈ cd(N) is isolated
in Γ (N), Γ (G) being connected and |G : N | being prime implies the following: when
|G : N |m /∈ cd(G), |G : N | must divide m. If |G : N |m ∈ cd(G), let m = |G : N |m, and let
m = m otherwise. In either situation, |G : N | divides the degree m ∈ cd(G).
If there exists N  G where |G : N | = p is prime and Γ (N) has three connected
components, [11, Theorem 4.1] states N = S × Z where Z is the center of N and
S ∼= PSL2(2n) for some integer n  2, and cd(N) = {1,2n − 1,2n,2n + 1}. Each of the
nontrivial degrees in this set is an isolated vertex in Γ (N). The prime p thus divides every
degree in the set X = {2n − 1, 2n,2n + 1}. Itô’s theorem says all degrees of G divide
|G : Z| = p 2n(2n − 1)(2n + 1). The bound follows, as that fact makes X a connective
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has two components.
Fix M G of prime index, noting M is nonsolvable and the graph Γ (M) has two com-
ponents. The group M thus fits the classification found in [11, Theorem 6.3]. Following the
proof of that result, M has a chief factor M ′/K ∼= PSL2(q) for some prime-power q  4,
where q is an isolated vertex in Γ (M) and K is solvable. Because K is solvable, K is the
unique maximal normal subgroup of M ′ so that the factor is nonsolvable. Accordingly, K
is characteristic in M ′, and K is thus normal in G.
Let C/K be the centralizer of M ′/K in G/K , noting C ∩ M ′ = K as M ′/K is
nonabelian and simple. The quotient G/C embeds into the automorphism group of
PSL2(q), and CM ′/C ∼= PSL2(q). If G = CM ′, then G/C ∼= PSL2(q), and either The-
orems 3.8 or 3.9 yields the conclusion. Consequently, we consider CM ′ < G, and label
n = |G : CM ′|. We know |G : C| = nq(q − 1)(q + 1)/d where d = (2, q − 1). We will
show in the remaining cases that each of q , q − 1, q + 1, and n (or n/2 in certain situations
where n is even) divides some degree of G/C, and so ρ(G/C) = π(G/C). Hence, we
assume the trivial degree of G is the only degree relatively prime to |G : C| (Lemma 2.6).
Anytime we find a nonempty set X of degrees of G which pairwise have nontrivial com-
mon divisors and where every prime divisor of nq(q−1)(q+1) divides some degree in X ,
then X is connective and we are done in those cases.
If CM ′ M , let N = M . If CM ′  M , we know G/CM ′ ∼= M/(CM ′ ∩M) as G/M is
simple. Thus, G/CM ′ is abelian, and we can find a normal subgroupN of G of prime index
so that CM ′  N . In either case, label p = |G : N |. Consequently, M ′/K ∼= PSL2(q) is a
chief factor for N , the prime p divides n, and q is an isolated vertex for Γ (N). Throughout
the remainder of this proof, the · notation is with respect to N .
Assume first that q  7. Recall the prime p divides the degree q as well as the index n,
and PSL2(q) ∼= CM ′/C < G/C which embeds into Aut(CM ′/C). When n(q − 1) and
n(q + 1) happen to be degrees in cd(G), {q,n(q − 1), n(q + 1)} is connective. Consulting
Propositions 3.10 and 3.11, these are degrees except possibly when (n/2)(q ± 1) are de-
grees, in which case q is odd and n is even. Label X = {q, (n/2)(q − 1), (n/2)(q + 1)}. If
p divides n/2, then X is connective. If p does not divide n/2, then p dividing n and not
n/2 shows p = 2. All degrees in X are even, and X is connective here, also.
In the remaining case, A5 ∼= CM ′/C  N/C < G/C, and the quotient G/C embeds
into Aut(A5) ∼= S5. However, |S5 : A5| = 2, and so G/C ∼= S5. Following from this, we
have N = CM ′, p = n = 2, the index |G : C| = 120 = 23 ·3 ·5, and cd(G/C) = {1,4,5,6}.
The degree 5 is not an isolated vertex in Γ (G), so there exists a degree y ∈ cd(G) adjacent
to 5 with multiple prime divisors. If 2 divides y , then {6, y} is connective. Thus we assume
y is odd, and y ∈ cd(N). It suffices to find a degree of N divisible by one of 10 or 15.
Choose ψ ∈ Irr(C) so that y ∈ cd(N |ψ). Conclusion (A) of Lemma 3.1 does not hold
for ψ as y is odd, and because q 	= 9 neither does conclusion (B). Hence, ψ is not N -
invariant, and we now focus solely on conclusions of Lemmas 3.2 through 3.7. (C), (D),
and (E) are eliminated, as all require q > 5. The three sets listed in conclusion (A) only
consist of the primes 2, 3, and 5. If (A) holds, then y ∈ cd(N |ψ) being divisible by 5 and
not by 2 implies 3 divides y , and so 15 divides y . In the remaining case of (B), it is easy to
see that at least one of 10 or 15 divides some degree in cd(N |ψ) here. 
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In this section, we present the remainder of the technical lemmas to prove Theorem A,
and close the section with the proof. We consider a nonsolvable group G, and pick a max-
imal normal subgroup N . Through Lemma 2.3, we have four possibilities with which to
deal: when G/N is a projective special linear group, when G/N is the first Janko group,
when∆(G/N) is connected with a diameter of at most 2, and finally when G/N is abelian.
The first of these was handled in Section 3. When G/N is abelian, we break the problem
up further, and consider when Γ (N) is connected versus disconnected. The disconnected
case was also handled in the preceding section.
Our first consideration for this section is when G/N is abelian and Γ (N) is connected.
This is accomplished in Lemma 4.2. To help with that result, the first lemma of this section
deals with a particular nonabelian solvable quotient.
Lemma 4.1. Let p be a prime, and suppose G is a group with a normal subgroup N so that
p = |G : N | ∈ cd(G/N ′). If the vertex x of Γ (G) is in the same connected component as p,
then dΓ (G)(x,p) 3.
Proof. Obviously, G/N ′ is solvable, and cd(G/N ′) = {1,p} by Itô’s theorem. Working
by induction, we suppose x1 ↔ x2 ↔ x3 ↔ x4 ↔ p is a path in Γ (G), and work to show
there is a shorter path. There exists K  N ′ where K  G is maximal so that G/K is
nonabelian and cd(G/K) = {1,p}. By [7, Lemma 12.3], G/K is a {p,q}-group for some
prime q , possibly p = q . Without loss, p divides neither x1 nor x3, as either x1 ↔ p or
x1 ↔ x2 ↔ x3 ↔ p otherwise. For i = 1 and 3, if q does not divide xi , then a restriction
argument shows pxi ∈ cd(G). We thus have x1 ↔ px1 ↔ p or x1 ↔ x2 ↔ px3 ↔ p. We
can therefore assume q divides both x1 and x3, in which case x1 ↔ x3 ↔ x4 ↔ p. 
Lemma 4.2. Suppose NG has prime index, and Γ (N) is connected with diam[Γ (N)]3.
Then diam[Γ (G)] 3.
Proof. Let p = |G : N |. Fixing distinct, connected vertices x1 and x2 of Γ (G), it suf-
fices to show dΓ (G)(x1, x2) 3. Let xi lie over ni ∈ cd(N). Therefore, the degree xi
is either ni or pni . If both n1 and n2 happen to be nontrivial, then either n1 = n2 and
dΓ (G)(x1, x2) = 1, or n1 	= n2 and Lemma 2.4 shows dΓ (G)(x1, x2) dΓ (N)(n1, n2) 3.
Relabelling x1 and x2 if necessary, we can assume n1 = 1. Because the degree x1 is non-
trivial, x1 = p ∈ cd(G/N ′), and Lemma 4.1 yields the conclusion. 
We next present the bound on the diameter of Γ (G) when ∆(G/N) satisfies the con-
clusions in C of Lemma 2.3. It was mentioned in the Introduction that the common-divisor
graph and the prime graph contain overlapping information about cd(G), and so it is of-
ten a matter of preference as to which a person studies. However, as the following shows,
information from one can prove quite helpful in obtaining results on the other.
Lemma 4.3. If N G are groups so that π(G/N) = ρ(G/N) and ∆(G/N) is connected
with diam[∆(G/N)] 2, then Γ (G) is connected and diam[Γ (G)] 3.
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primes p1 and p2 where each pi divides (xi, |G : N |), respectively, as diam[Γ (G)]  3
otherwise. Therefore, p1 and p2 are vertices of ∆(G/N), and there exists p ∈ ρ(G/N) so
that p1 ↔ p ↔ p2 in ∆(G/N). Thus, there are degrees y1, y2 ∈ cd(G/N) so that pi and
p divide yi , and x1 ↔ y1 ↔ y2 ↔ x2 in Γ (G). 
Finally, we present results on the first Janko group, J1.
Proposition 4.4. Let N G be groups so that G/N ∼= J1. Fix χ ∈ Irr(G) and suppose no
irreducible constituent of χN extends to G. Then χ(1) is divisible by at least one of 266,
1045, 1463, 1540, 1596, 2926, or 4180. In particular, (χ(1),133) > 1.
Proof. Let χ lie over θ ∈ Irr(N), fix T as the stabilizer of θ in G, and label ϕ ∈ Irr(T )
as the Clifford correspondent lying between θ and χ . The Schur multiplier of J1 is trivial
(see [3]), so if T = G, the character θ extends to some irreducible character of G, a contra-
diction. Therefore, T <G and there is some maximal subgroup H of G which contains T .
It follows that H/N is a maximal subgroup of G/N ∼= J1. According to the Atlas [3],
the possibilities for |G : H | are 266, 1045, 1463, 1540, 1596, 2926, and 4180. Obviously,
|G : H | divides |G : T |, and via the Clifford correspondence χ(1) = ϕG(1)= |G : T |ϕ(1).
The final conclusion trivially follows. 
Corollary 4.5. If N  G are groups so that G/N ∼= J1 and every nonlinear irreducible
character of G restricts reducibly to N , then the set {56,133} is connective for cd(G).
Proof. Note cd(G) ⊆ cd(J1) and an irreducible character of N extends to G only if it is
linear. By the Atlas [3], the set of character degrees for J1 is {1,56,76,77,120,133,209}.
Consequently, the graph Γ (J1) is
56 77
133
76 209
120












Obviously, 56 and 133 are adjacent in Γ (G), and all nontrivial degrees in cd(J1) are ad-
jacent to one of these two degrees. By Proposition 4.4, degrees in cd(G) \ cd(J1) are all
adjacent to 133. 
It should be mentioned that under the hypotheses of Corollary 4.5, the sets {76,133}
and {56,76,133} are also connective for cd(G). We are now ready to combine all these
results together and prove Theorem A.
Proof of Theorem A. Suppose first G′ < G. By [12, Lemma 3.2], if ∆(G) is discon-
nected, then diam[∆(G)] 2. The diameters of ∆(G) and Γ (G) can differ by at most 1,
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ponents, and we can thus assume Γ (G) is connected. If there exists a maximal normal
subgroup N of G where N G′ and Γ (N) is connected, then diam[Γ (N)]  3 through
induction on |G|, and Lemma 4.2 yields the bound. Otherwise, every normal subgroup
N of prime index has a common-divisor graph Γ (N) which is disconnected, and Theo-
rem 3.12 gives the conclusion.
We thus consider when G is perfect, and fix a maximal normal subgroup N of G. Due
to Lemma 2.1, π(G/N) = ρ(G/N). Because of Lemma 2.6, we can assume all nonlinear
irreducible characters of G restrict reducibly to N . If G/N ∼= J1, we have the conclusion
by Corollary 4.5. If G/N ∼= PSL2(q) for some prime-power q  4, then the bound follows
from either Theorem 3.8 or 3.9. Through Lemma 2.3, the remaining case for G/N has
∆(G/N) connected with a diameter of at most 2. Lemma 4.3 implies the desired result in
this final situation. 
5. Connectivity
In a number of the proofs above, we actually showed the character degree sets have
connective subsets. We used frequently that if cd(G) has a connective subset, then the
diameter of the common-divisor graph Γ (G) is at most three. As previously mentioned,
cd(G) having a connective subset is a stronger statement than just saying diam[Γ (G)] 3.
A natural question to ask is whether this must occur. In other words, for groups G, must
cd(G) have a connective subset? When Γ (G) is disconnected, the set cd(G) necessarily
does not have a connective subset, but what if we further assume that Γ (G) is connected?
The answer to the revised question is still no, and there are counterexamples among
both solvable and nonsolvable groups. We present here a way to construct families of
such groups. The one result we need is that there are infinitely many pairs of distinct
primes r and s, along with solvable {r, s}-groups G, where cd(G) = {1, r, s} (see, e.g., [8]).
Although inspection reveals that the character degree sets for the following examples do
not have connective subsets, we formally prove this in Proposition 5.3.
Example 5.1 (A solvable family). Take G = H × K where cd(H) = {1,p, q} and
cd(K) = {1, r, s} for distinct primes p,q, r, s. Hence,
cd(G) = {1,p, q, r, s,pr,ps, qr, qs}
and the common-divisor graph Γ (G) is as follows:
pr ps
qr qs
p
q
r s






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and cd(K) = {1, r, s} for distinct odd primes r and s which do not divide q2 − 1. Hence,
cd(G) = {1, q, q − 1, q + 1, r, rq, r(q − 1), r(q + 1), s, sq, s(q − 1), s(q + 1)}
and the common-divisor graph Γ (G) is as follows:
q
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sq
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(q − 1)
s(q − 1)


r(q + 1)
(q + 1)
s(q + 1)
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
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The main point here is that we use Lemma 2.6 to assume every nonlinear irreducible
character of G restricts reducibly to the normal subgroup N of G when the quotient G/N
is nonabelian and π(G/N) = ρ(G/N). In the groups among these two families, there are
nonlinear irreducible characters of G which restrict irreducibly to K , so that Lemma 2.6
applies to give a diameter of at most three without finding a connective subset. In other
words, the use of Lemma 2.6 throughout this paper disguised how powerful it really is.
Natural questions for further research arise, accordingly. When Γ (G) is connected, re-
quiring Γ (G) to have a diameter of 3 does not mean that cd(G) must have a connective
subset as the examples above show, but what if the diameter is 2? When Γ (G) is complete,
i.e., connected with a diameter of 1, then every vertex yields a singleton which is connec-
tive, but this situation is rare. Just how rare is it among groups G for the set cd(G) to have
a connective subset, or not to have a connective subset? Can we gain some information on
the structure of G if cd(G) has, or does not have, a connective subset? How does connec-
tivity behave with respect to direct products? We give a partial answer to this last question
in Proposition 5.3.
As was mentioned earlier, research has been conducted on covering sets of cd(G). Is
it possible to gain structural information about a group G if cd(G) has a subset which
happens to be a cover and connective? The research being conducted on covering sets
deals with finding a cover of cd(G) of smallest cardinality. What can be said about G if
cd(G) has a minimal cover which happens to be connective?
It is obvious for instance that nonabelian nilpotent groups G have a degree x divisible
by all primes in ρ(G). It was communicated to the author that Michael Barry and Michael
Ward are presently working to show, for all but a finite number of n, that the alternating
groups An have a degree x divisible by all primes in ρ(An) = π(An). In both of these
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Can groups G be classified where cd(G) has a singleton subset which is a minimal cover
(and therefore connective)? This seems unlikely in general, but possible for instance among
the simple groups.
As an initial step towards answering some of these questions, the following result deals
with direct products. In particular, conclusion (C) says the character degree sets in the
examples above have no connective subsets.
Proposition 5.3. Suppose G = G1 × G2 where G1 and G2 are nonabelian groups.
(A) If there exist degrees n1 ∈ cd(G1) and n2 ∈ cd(G2) so that (n1, n2) > 1, then the set
{n1x | x ∈ cd(G2)} ∪ {n2y | y ∈ cd(G1)} is connective for cd(G).
(B) If cd(G1) has a connective subset X , then {nx | n ∈ cd(G2), x ∈ X } is connective
for cd(G).
(C) If all degrees of G1 are relatively prime to all degrees of G2, in other words
ρ(G1) ∩ ρ(G2) = ∅, and both Γ (G1) and Γ (G2) are disconnected, then cd(G) has
no connective subset.
Proof. Conclusions (A) and (B) follow easily from applying the definition to the set
cd(G) = {xy | x ∈ cd(G1), y ∈ cd(G2)}, and so we work towards conclusion (C). Un-
der those hypotheses, there are nonempty disjoint sets of primes π1,π2 where each degree
of G1 is either a π1- or a π2-number. This is true regardless of whether Γ (G1) has two or
three components. Similarly, ρ(G2) = τ1 ∪ τ2, where τ1 ∩ τ2 = ∅ and each degree of G2 is
either a τ1- or a τ2-number. Moreover, the four sets π1, π2, τ1, and τ2 partition ρ(G), and
every degree of G is a πi -number times a τj -number for some appropriate i and j .
Fix arbitrary X ⊆ cd(G) under the condition that x, y ∈ X implies (x, y) > 1. Re-
sult (C) will follow if we can find a degree of G relatively prime to all degrees in X . For
1 i, j  2, let Aij be the set of degrees in X which are πi ∪ τj numbers. Every degree of
A11 is coprime to all degrees in A22, so one of these, say A11, must be empty by the non-
coprimeness hypothesis. Similarly, every degree of A12 is relatively prime to every degree
in A21, and so one of these, say A12, must also be empty. However, cd(G) has nontrivial
π1-degrees, and none of these is adjacent in Γ (G) to any degree in A21 ∪A22 =X . 
Following up on this result, suppose we have two nonabelian groups M and N so that
ρ(M)∩ρ(N) = ∅ and neither cd(M) nor cd(N) has a connective subset. If both Γ (M) and
Γ (N) are disconnected, then part (C) shows cd(M×N) has no connective subset, but what
happens if at least one of these is connected? It turns out there are examples where Γ (M)
is connected, Γ (N) is disconnected, cd(M) has no connective subset, but cd(M ×N) does
have a connective subset. Take M = H ×K as in Example 5.1 with cd(H) = {1,p, q} and
cd(K) = {1, r, s}, and find N so that cd(N) = {1, t, u}, where p,q, r, s, t, u are all distinct
primes. Then all the hypotheses are satisfied, and cd(M × N) has the connective subset
{prt, qru,psu}.
Lastly, we consider the situation in the previous paragraph with the slight change that
Γ (M) and Γ (N) are both connected. Let M be as in the previous paragraph, and choose
N as a direct product of two groups whose character degree sets are {1, t, u} and {1, v,w}
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Γ (M) and Γ (N) are both connected, where neither cd(M) nor cd(N) has a connective
subset, but where cd(M ×N) has the connective subset {prtv, qruw,psu}.
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